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============

Counting occurrences of letters in words is a major topic in formal language theory. In particular, much ink has been spent on investigating the counting ability of some language classes. For example, Joshi et al. \[[@CR1]\] suggested that the language $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {MIX}= \{w \in \{a,b,c\}^* \mid |w|_a = |w|_b = |w|_c \}$$\end{document}$ should not be in the class of so-called mildly context-sensitive languages since it allows too much freedom in word order, so that relations between MIX and several language classes have been investigated (*e.g.*, indexed languages \[[@CR2]\], range concatenation languages \[[@CR3]\], tree-adjoining languages \[[@CR4]\], multiple context-free languages \[[@CR5]\], *etc.*). The Parikh map is another rich example on this topic (counting occurrences of letters) \[[@CR6]\].

In the recent work \[[@CR7]\] by Colbourn et al., the counting feature of MIX is generalised from counting *letter* occurrences to counting *word* occurrences. They considered several problems for languages of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$w$$\end{document}$) which we call *Word-MIX languages* (WMIX for short) in this paper. While $\documentclass[12pt]{minimal}
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                \begin{document}$$A = \{a,b,c\}$$\end{document}$, for example) \[[@CR7]\]. This kind of generalisation -- from letter occurrences to word occurrences -- is also considered in the context of the Parikh map through so-called Parikh matrices \[[@CR8]\] and subword histories \[[@CR9], [@CR10]\] (in this setting they have considered *scattered* subword occurrences instead of subword occurrences).

Colbourn et al. \[[@CR7]\] provided a necessary and sufficient condition for $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\!A}(w_1, w_2)$$\end{document}$ to be regular, and gave a polynomial time algorithm for testing that condition. For the fully general case, the decidability of the regularity problem for WMIX languages can be derived from some known results on *unambiguous constrained automata* (UnCA for short), since $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\!A}(w_1, \ldots , w_k)$$\end{document}$ is always recognised by an UnCA, and the regularity for UnCA languages is decidable due to \[[@CR11]\].

In this paper, we show that *context-freeness is decidable* for WMIX languages. We also give an alternative decidability proof for the regularity of WMIX languages. As we mentioned above, the regularity for WMIX languages is already known to be decidable thanks to the decidability results on UnCA languages (which include all WMIX languages) given by Cadilhac et al. \[[@CR11]\]. But the alternative proof of the regularity for WMIX languages given in this paper gives more *structural information* of WMIX languages, and the proof can be naturally extended into the context-freeness. We introduce a new notion called *dimension*, which represents certain structural information of WMIX languages, and prove that a WMIX language is (1) regular if and only if its dimension is at most one, and (2) context-free if and only if its dimension is at most two. To the best of our knowledge, there has been no research on the context-freeness for WMIX languages or UnCA languages. As far as we know, a language class with such a decidable context-freeness property is very rare. We are only aware of such examples in some subclasses of bounded languages \[[@CR12]--[@CR14]\] and languages associated with vector addition systems \[[@CR15]\].

For the space restriction, we omit some definitions and proofs; see the full version \[[@CR16]\] for details.
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We assume that the reader has a basic understanding of automata and linear algebra.

Words and Word-MIX Languages {#Sec3}
----------------------------

For an alphabet *A*, we denote the set of all words (resp. all non-empty words) over *A* by $\documentclass[12pt]{minimal}
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Well-Quasi-Orders {#Sec5}
-----------------
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Path-Cycle Decomposition of Walks {#Sec6}
=================================

In this section, we provide a simple method which decomposes, in left-to-right manner, a walk $\documentclass[12pt]{minimal}
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Multi-traces and Traces {#Sec7}
-----------------------
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The following proposition states that the occurrences of parameter words of a walk are completely determined from its multi-trace (see the full version \[[@CR16]\] for details).

### Proposition 3 {#FPar4}
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Main Results {#Sec8}
============

In this section we first introduce a new notion for WMIX languages called *dimension*. Afterwards, we state our main results that characterise both regularity and context-freeness of WMIX languages.

Definition 1 {#FPar5}
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Remark 1 {#FPar6}
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Fig. 4.The 1-dimensional de Bruijn graph $\documentclass[12pt]{minimal}
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Example 2 {#FPar8}
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By considering dimensions of WMIX languages, we can nicely characterise both regularity and context-freeness as follows.

Theorem 1 {#FPar9}
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Theorem 2 {#FPar10}
---------
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                \begin{document}$$S$$\end{document}$. Combining these facts and Theorem [1](#FPar9){ref-type="sec"}--[2](#FPar10){ref-type="sec"}, we can effectively compute the dimension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_{\!A}(w_1, \ldots , w_k)$$\end{document}$ and hence we have the following decidability result.

Corollary 1 {#FPar11}
-----------

Regularity and context-freeness are decidable for WMIX languages.

Proof of the Main Results {#Sec9}
=========================

The proof structure of Theorem [1](#FPar9){ref-type="sec"} is similar with one of Theorem [2](#FPar10){ref-type="sec"}, albeit that the latter is more complicated. In this section, we firstly investigate some structural properties of pumpable sets, which play crucial role in the main proof. We secondly give a proof of Theorem [1](#FPar9){ref-type="sec"} which would give a good intuition for the latter proof. Finally, we give a proof of Theorem [2](#FPar10){ref-type="sec"}.

Properties of Pumpable Sets {#Sec10}
---------------------------
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### Lemma 1 {#FPar12}
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### Proof {#FPar13}
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Proof of Theorem [1](#FPar9){ref-type="sec"} {#Sec11}
--------------------------------------------

To prove "only if" part, we modify standard Pumping Lemma as follows and call it Shrinking Lemma. Shrinking Lemma (see the full version \[[@CR16]\] for the proof).
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Proof of Theorem [2](#FPar10){ref-type="sec"} {#Sec12}
---------------------------------------------

The proof structure is similar with the regular case (Theorem [1](#FPar9){ref-type="sec"}). The following lemma is a context-free variant of Lemma [4](#FPar18){ref-type="sec"}. Lemma [4](#FPar18){ref-type="sec"} (see the full version \[[@CR16]\] for the proof).

### Lemma 5 {#FPar19}
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Conclusion and Future Work {#Sec13}
==========================

In this paper, we provided decidable, necessary and sufficient conditions of the regularity and context-freeness for WMIX languages by using the notion of dimensions. Complexity issues on these problems (tight lower/upper bounds, more efficient algorithm, *etc.*) are untouched and could be future work.

The author's main interest is how to generalise the main result into more richer language classes, *e.g.*, UnCA languages \[[@CR11]\]. From WMIX languages (represented by de Bruijn graphs and diagonals $\documentclass[12pt]{minimal}
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